Abstract: The one-dimensional Schr odinger equation is considered when the potential and its rst moment are absolutely integrable. The potential is uniquely constructed in terms of the scattering data consisting of the reection coecient from the right (left) and the knowledge of the potential on the right (left) half line of the real axis. Hence, neither the bound state energies nor the bound state norming constants are needed to determine the potential, and in fact these are uniquely determined by the scattering data. An explicit example is provided. Also considered are two i n v erse scattering problems for a generalized Schr odinger equation with two potentials when the potential to be recovered is partially known.
INTRODUCTION
We consider the one-dimensional Schr odinger equation (1.1) 00 (k;x) + k 2 ( k;x) = Q ( x ) ( k;x); x2R;
where k 2 is energy, x is the space coordinate, the prime is the derivative with respect to x; and Q(x) is the potential belonging to L 1 1 (R); the class of potentials satisfying R 1 1 (1 + jxj) jQ(x)j dx < +1: For such potentials there are two linearly independent solutions of (1.1), f l (k;x) and f r (k;x); known as the Jost solutions from the left and from the right, respectively, satisfying the boundary conditions where T j;j+1 (k) is the transmission coecient, and R j;j+1 (k) and L j;j+1 (k) are the reection coecients from the right and from the left, respectively, corresponding to the potential Q j;j+1 (x): When each Q j;j+1 (x) is absolutely integrable, it is already known [Ak92] that S(k) can be written explicitly in terms of S j;j+1 (k) in the form of matrix product (1.4)
where
It is known that [Fa64,DT79,Ne80,Ma86,CS89] S( k) = S ( k ) and det S(k) = T ( k ) =T( k); where the overline denotes the complex conjugation and det stands for the determinant; we also have
These properties are also satised by each S j;j+1 (k): Hence, it follows that det (k) = det j;j+1 (k) = 1 :
In the special case N = 2 ; let us use the following simpler notation. Dene
where (x) is the Heaviside function, and let S 1 (k) and S 2 (k) be the corresponding scattering matrices for Q 1 (x) and Q 2 (x); respectively, given by
F rom (1.4) and (1.6) we obtain
and hence we h a v e
Thus, from (1.7) and (1.8) we obtain
Similarly, w e h a v e (1.10)
The bound states associated with Q(x) correspond to the square-integrable solutions of (1.1), and such solutions can occur only at certain discrete negative energies k This paper is organized as follows. In Section 2 we prove that a potential in L 1 1 (R) i s uniquely constructed in terms of the scattering data consisting of the reection coecient from the right (left) and the knowledge of the potential on the right (left) half line of the real axis. Hence, neither the bound state energies nor the bound state norming constants are needed to determine the potential, and in fact these are uniquely determined by the scattering data. In Section 3 we illustrate our result with an explicit example. In Section 4 we consider two i n v erse scattering problems for a generalized Schr odinger equation with two potentials when the potential to be recovered is partially known; we obtain two theorems on the solution of these inverse problems without using the bound state data.
INVERSE PROBLEM
The direct scattering problem for (1.1) consist of the determination of S(k) when Q(x) is known. The inverse scattering problem is about the construction of Q(x) in terms of the scattering data. In the L 1 1 -class of potentials, it is already known that Q(x) can be uniquely constructed if the scattering data consist of one of the reection coecients, the bound state energies, and the bound state norming constants; there are various methods to construct Q(x) such as the Marchenko method [Fa64, Ne80, Ma86, CS89] , the Gel'fandLevitan method [Ne80] , the trace method [DT79] , etc.
In this section we show that Q(x) can be uniquely constructed from the scattering 5 data fR(k); ( reconstructed by using the scattering data consisting of the reection coecient from the right, the bound state energies, and the knowledge of the potential on the right half line. In this paper we will show that the bound state energies need not be specied separately, and the unique construction can be obtained without requiring piecewise absolute continuity and L 1 -derivative. As seen from the proof of Proposition 2, the bound state energies can be obtained by using an analytic extension from the real axis to the upper half complex plane; for a numerical reconstruction of the potential, exploiting analytic extension may not be a desirable choice. One corollary of our result is that the scattering data fR(k); ( x b ) Q ( x ) g or fL(k); ( b x ) Q ( x ) g uniquely determine the bound state energies and the norming constants associated with Q(x): In order to construct (b x) Q(x) in terms of the scattering data fR(k); ( x b ) Q ( x ) g ; it is sucient to show that the scattering data uniquely determine the reection coecient, the bound state energies, and the norming constants associated with the potential (b x) Q(x): Once these are known, the potential (b x) Q(x) can uniquely be constructed using one of the inverse scattering methods. Since there is no loss of generality i n c hoosing b as zero, we will do so in our proofs.
6
Ricardo Weder raised the question whether one can uniquely construct a potential in L 1 1 (R) b y using the scattering data consisting of the bound state energies, the knowledge of the potential in a nite interval, and either of the reection coecients. Note that when the bound state energies and either one of the reection coecients are given as the scattering data, we can construct a potential containing N arbitrary parameters, namely the unspecied norming constants c 1 ; : : : ; c N :If the knowledge of the potential in a nite interval gives enough algebraic equations to determine the N arbitrary parameters, the potential can be constructed uniquely, and in Section 3 we provide an explicit example for this construction. However, the answer to Weder's question is in general negative, and for this Grebert and Weder constructed [GW95b] two distinct potentials of at least two bound states such that these two potentials have the same reection coecient, the same bound state energies, and they are both equal to the same (negative constant) value in the interval (0; 1): Grebert and Weder have also proven [GW95b] that a potential with one bound state is uniquely determined by one reection coecient, the bound state energy, and the knowledge of the potential in a nite interval provided the value of the potential is not a constant in this interval.
Let C denote the upper (lower) half complex plane and let us use C to denote C [ R: Recall that by S 1 (k) and S 2 (k) w e denote the scattering matrices corresponding to the potentials Q 1 (x) and Q 2 (x); respectively, dened in (1.6). It is known that [DT79, AKV93] where 2;j are distinct and 2;j > 0 for j = 1 ; : : : ; N 2 and N 2 is the number of bound states for Q 2 : The following proposition shows that, for potentials vanishing on the right (left) half-line, the meromorphic extension of the reection coecient from the right (left) has simple poles at the bound states coinciding with the poles of the transmission coecients.
PROOF: We will only prove the rst sentence of the proposition because the proof of the second sentence is similar to that of the rst. Dene [DT79] which is constructed in terms of R 1 (k) alone because T 1 (k) is determined by R 1 (k) alone.
The bound state energies for Q 1 (x) cannot be determined by L 1 (k) alone. Similarly, the bound state energies for Q 2 (x) cannot be determined by R 2 (k) alone. From (1.5) we have L 1 (k)=T 1 (k) = R 1 ( k ) =T 1 ( k); and hence L 1 (k)=T 1 (k) can be extended from the real axis R to C in an analytic manner and L 1 (k)=T 1 (k) ! 0 a s k ! 1 in C : However, the analytic extension to C does not allow us to predict the bound state energies. For In practice, in the recovery of a potential with support contained on the left (right) line, it is more appropriate to use the reection coecient from the right (left) because the measuring instruments are expected to be placed outside the potential being probed.
The following corollary recently announced in [Ak94] states that an L 1 1 -potential with support on the left (right) half line is uniquely determined by its reection coecient from the right (left).
Corollary 3 The potential Q 1 (x) dened in (1.6) is uniquely determined by R 1 (k); and Q 2 (x) is uniquely determined by L 2 (k):
PROOF: As shown in Proposition 2, R 1 (k) uniquely determines the bound state energies and norming constants for Q 1 (x); and hence one can use the Marchenko method or one of the other inverse scattering methods to obtain Q 1 (x) uniquely. Similarly, L 2 (k) uniquely determines the bound state energies and norming constants for Q 2 (x); and hence it uniquely determines Q 2 (x):
Theorem 4 An L 1 1 -potential is uniquely determined by its reection coecient from the right (left) and the knowledge of this potential on the right (left) half line.
PROOF: There is no loss of generality i n c hoosing the half lines as R = ( 1; 0) and R + = ( 0 ; + 1 ) : Hence, it is sucient to prove that the potential Q 1 (x) given in (1.6) is uniquely determined by R(k) and Q 2 (x); similarly, Q 2 (x) is uniquely determined by L(k) and Q 1 (x): Note that Q 2 (x) uniquely determines T 2 (k) and R 2 (k): Then from (1.9) we see that Q 2 (x) and R(k) determine R 1 (k): However, from Corollary 3 we see that R 1 (k) uniquely determines Q 1 (x): Hence, using (1.6) we see that R(k) and Q 2 (x) together uniquely determine Q(x): Similarly, using (1.10), one can show that Q(x) is uniquely determined by L(k) and Q 1 (x):
EXAMPLES
In this section we rst present an example to illustrate the result of Theorem 4. Later we present an example of unique reconstruction of a potential in terms of the scattering data consisting of the bound state energies, the knowledge of the potential on a set of nonzero measure, and either of the reection coecients. Let g l (k;y) and g r (k;y) be the Jost solutions from the left and from the right, respectively, of (4.3). Let (k) be the associated scattering matrix for (4.3), namely
where (k) is the transmission coecient, and (k) and`(k) are the reection coecients from the left and from the right, respectively. W e then have with the initial condition y(0) = 0: Then, H(x) = dy=dx gives us the potential H(x) for x 2 R : Clearly, the bound state energies and norming constants are uniquely determined because H(x) and Q(x) are now uniquely know for x 2 R:
